Quantum Regge Calculus of Einstein-Cartan theory 



She-Sheng XuC 

ICRANeT Piazzale della Repubblica 10, 65122 Pescara, Italy 

We study the Quantum Regge Calculus of Einstein-Cartan theory to describe quantum 

dynamics of Euclidean space-time discretized as a 4-simplices complex. Tetrad field e^(x) 

, and spin-connection field (x) are assigned to each 1-simplex. Applying the torsion- free 

■ Cartan structure equation to each 2-simplex, we discuss parallel transports and construct 

O ■ 

04 ' a diffeomorphism and local gauge-invariant Einstein-Cartan action. Invariant holonomies of 



tetrad and spin-connection fields along large loops are also given. Quantization is defined 



> 

o , 

, by a bounded partition function with the measure of S'0(4)-group valued ^^(a;) fields and 

CS| ■ Dirac-matrix valued e^(a:) fields over 4-simplices complex. 



PACS numbers: 04.60.-m,11.10.-z,04.60.Nc,11.15.Ha,05.30.-d 

^ n 

Qj • Introduction. Since the Regge Calculus [1[ was proposed for the discretization of gravity theory in 



1961, many progresses have been made in the approach of Quantum Regge Calculus [2, 3] and its 



' variant dynamical triangulations [4]. In particular, t 



le renormalization group treatment is applied 
. In Lagrangian formalism, gauge-theoretic 



^ . to discuss any possible scale dependence of gravity 

I formulation [d\ of quantum gravity using connection variables on a flat hypercubic lattice of the 

fSJ ■ space-time was inspired by the success of lattice regularization of non-Abelian gauge theories. A lo- 

o: ri 

' cally finite model for gravity has been recently proposed [g]. In this Letter, based on the scenario of 

o ■ 

Quantum Regge Calculus, we present a diffeomorphism and local gauge- invariant invariant regular- 
^ I ization and quantization of Euclidean Einstein-Cartan (EC) theory, invariant holonomies of tetrad 

■ and spin-connection fields a;^(x) along large loops in 4-simplices complex, and some calculations 

in 2-dimensional case. 

Euclidean Einstein-Cartan gravity. The basic gravitational variables in the Einstein-Cartan grav- 
ity constitute a pair of tetrad and spin-connection fields (e^,u;^^), whose Dirac-matrix values 
= e^7a and = uj'^aab- The space-time metric of 4-dimensional Euclidean manifold M 
is g^u{x) = e^(x)e^(x)5a{,, where 5°"^ = {+, +, +). The diffeomorphism invariance under general 
coordinate transformations x — > x'[x) is preserved by all derivatives and d-form fields on M. made 
to be coordinate scalars with the help of tetrad fields = d^°'/dx^. Under the local Lorentz 
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coordinate transformation ^'°'{x) = [A{x)]'^^^{x), the local (w.r.t ^) gauge transformations are: 

e'.iO = V(e)e^(e)Vt(0, (1) 

<(0 = mMOvHo+md,v\o; (2) 

and fermion field = '^iO'^iO^ covariant derivative = "1^(^)15^ V^(^), 2?^ = d^ — iguj^{S,) 
where g is the gauge couphng, = e^(9/(?^"), V(^) = expi[0"^(^)cra5] G 50(4), and 9"-^{^) 
is an arbitrary function of ^. In an SU{2) gauge theory, gauge field Aa{S,E) can be viewed as a 
connection / Aa{(,E)d£,% on the global flat manifold. On a locally flat manifold, the spin-connection 
ujf^dx'^ = iOaiOd^."' , where cOaiO = e^o;^, one can identify that the spin-connection field ci;^(x) or 
LdaiO is the gravity analog of gauge field and its local curvature is given by 

R^'' = dio"'' - guo''^ A Je, (3) 

and = V{^)R°'^{^)V'^ under the transformation (jl|2p . The diffeomorphism and local gauge- 
invariant EC action for gravity is given by the Palatini action Sp and Host modification Sh 

SEcie,u;) = Sp{e,u;) + Sp{e,uj) (4) 

Sp{e,io) = ^ I d''xdet{e)eabcde'' Ae' AR^'', (5) 
4k Jm 

SH{e,Lo) = — I (i^xdet(e)ea Acf, Ai?"'' (6) 
2k7 Jm 

where k = SvrG, the Newton constant G = 1/w-pianck' ^'^'^ det(e) is the Jacobi of mapping x — > 
The complex Ashtekar connection [7] with reality condition and the real Barbero connection [g| are 
linked by a canonical transformation of the connection with a finite complex Immirzi parameter 
7 7^ [9], which is crucial for Loop Quantum Gravity [10]. 

Classical equations can be obtained by the invariance of the EC action under the transfor- 
mation (PE]), 

5Sec = ^7^<Je^ + ^^^^ S^jfj. = 0, (7) 

where 5e^ and 6uj^ are infinitesimal variations, which can be expressed in terms of independent 
Dirac matrix bases 75 and 7^. Therefore, for an arbitrary function 6ab, we have SSEc/^^fi = 
and 6SEc/Sujfj_ = 0, respectively leading to Einstein equation and Cartan's structure equation 
(torsion-free) 

de" - uj"'' A Cb = 0. (8) 
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6^(2;) U^{x) 

FIG. 1: Assuming edge spacing a^_,j{x) is so small that the geometry of the interior of 4-simplex and its 
sub-simplex (3- and 2-simplex) is approximately flat, we assign a local Lorentz frame to each 4-simplex. 
On a local Lorentz manifold ^"(x) at a space-time point "a;", we sketch a closed parallelogram Cp{x) lying 
in the 2-simplex h{x). Its edges e^(a;) and ej,(x) — e^{x + a^) are two edges of the 2-simplex h{x), and 
other edges (dashed lines) ej^{x + a^) and 6^(2: -I- a^) are parallel transports of e^(a;) and ej,(a;) along ly- and 
/i-directions respectively. Each 2-simplex in the 4-simplices complex has a closed parallelogram lying in it. 
Group- valued gauge fields U^{x) and Ul{x) = Up{x + a^,) are respectively associated to edges e^{x) and 
el{x) of the 2-simplex as indicated. The fields ep{x -f a^) and Up{x -F a^) are associated to the third 

edge (x + ap,x + a^) of the 2-simplex h{x). 

Regularized EC action. The four-dimensional Euclidean manifold M. is discretized as an ensem- 
ble of TVq space-time points "x" and A/i links (edges) "/^(x)" connecting two neighboring points, 
which is a simplicial manifold. The way to construct a simplicial manifold depends also on the as- 
sumed topology of the manifold, which gives geometric constrains on the numbers of sub-simplices 
(7Vo,7Vi, • • ■, see Ref. y). In this Letter, analogously to the simplicial manifold adopted by Regge 
Calculus we consider a 4-simplices complex, whose elementary building block is a 4-simplex (penta- 
choron) . The 4-simplex has 5 vertexes - 0-simplex (a space-time point "x" ) , 5 "faces" - 3-simplex 
(a tetrahedron), and each 3-simplex has 4 faces ~ 2-simplex (a triangle), and each 2-simplex has 
three faces - 1-simplex (an edge or a link "Z^(x)"). Different configurations of 4-simplices com- 
plex correspond to variations of relative vertex-positions {x}, edges "{Z^(x)}" and "deficit angle" 
around each vertex x. These configurations will be described by the configurations of dynamical 
fields e^(x) and uJ^{x) (its group-valued C/^(x)) in a regularized EC-theory 



To illustrate how to construct a regularized EC theory describing dynamics of 4-simplices com- 
plex, we consider a 2-simplex (triangle) h{x) (see Fig. [T|). The fundamental tetrad field e^(x) and 
"gauge" field cij^j(x) are assigned to each 1-simplex (edge) of the 4-simplices complex. The values of 
e^(x)-field characterize edge spacings a^(x) = |/^(x)|, where lf_i{x) = ae^(x) and the Planck length 
a = (SvrG)"'^/^. The fundamental area operator S^^, = /^(x) A ly{x)/2, where p-i^ v indicates edges 
of the 2-simplex. The 2-simplex area S'h(x) = [^^^^^(x)!. 

The Cartan equation ([8]) is actually an equation for infinitesimal parallel transports of e^ix) 



4 



fields. Applying this equation to the 2-simplex h{x), as shown in Fig. [H we show that e^ix) [e^{x)] 
undergoes its parallel transport to e^(x + a^) [e^{x + a^)] along the /i [z^] -direction for an edge 
spacing a^{x) [au{x)], following the discretized Cartan equation 

e^^ix + a^) - el{x) - a^ujf{x) A e^bix) = 0, (9) 

and n v. The parallel transports e'l{x + a^) and ej^(x + a^) are neither independent fields, 
nor assigned to any edges of the 4-simplices complex. They are related to e^{x) and lo^{x) fields 
assigned to edges of the 2-simplex h{x) by the Cartan equation Q. Because of torsion-free, 
e^(x), eu{x) and their parallel transports e^(x + a^), ey{x + a^) form a closed parallelogram Cp{x) 
(Fig. [1]). Otherwise this would means the curved space-time could not be approximated locally by 
a flat space-time [3]. We define u)^{x + a^) and uj^ix + a^) by using the discretized equation for 
curvature 

(x+a^)-u;f (x)-aX^(x) A u;l{x) = a^<,(x), (10) 

and fi ^ V. For zero curvature case, analogously to Q, parallel transports ^Djj''(x + a^) [a)°''(x + aj/)] 
can be defined as 

Cofix + a^) - cofix) - a^co'lfix) A iol{x) = 0, (11) 

and fj. ^ V. The difference ("deficit angle") between Lo'j^^{x + a^) and a)"''(x + a^) is the curvature 
a^Rf,{x). 

Instead of uj^{x) field, we assign a group- valued field U^{x) to each 1-simplex of 4-simplices 
complex. For example, at edges (x, /x) and (x, u) of the 2-simplex h{x) {fJ- ^ i' see Fig. [T]), we define 
50(4) group- valued spin-connection fields, 

U^{x) = e^3«'^''(^), U^{x) = 6^9'^'^'' (^), (12) 

which take value of fundamental representation of the compact group 5*0(4), and their local gauge 
transformations, 

U^{x) ^ V{x)U^{x)V^{x + a^), (13) 

and ^ ^ in accordance with Actually, these group- valued fields ()12p can be viewed as 
unitary operators for finite parallel transportations. Eq. ([9]) can be generalized to 

e^{x + a^) = C/^(x)e^(x)[/^(x), (14) 
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and /_i V. While, corresponding to ([TO]) for the field uju{x + a^), we define 

U,{x + a^) = U^{x)U,{x)Ul(x), (15) 
U^{x + a^) = e^^"^"-^(^+"''), (16) 
U^.{x) = U^{x)U,{x) = U,{x + a^)U^{x), (17) 

and ^ ^ V. Eq. (fTTll characterizes relative angles 0^y{x) between two neighboring edges e^(x) 
and ei,{x) (see Fig. [l]). In the naive continuum limit: agoo^ <C 1 (small coupling or weak- field), 
indicating that the wavelengths of weak and slow- varying fields uj^{x) are much larger than the 
edge spacing a^,,^, we have 

U^u{x) = exp ^ig[auji,{x) + auj^{x)] + iga^d^u)u{x) 

- ]^{gaf[oj,{x),oj^{x)]+0{a'')], (18) 

where 0{a?) indicates high-order powers of agtOf^. 

Using the tetrad fields e^{x) to construct coordinate and Lorentz scalars so as to obtain a 
regularized EC action preserving the diffeomorphism and local gauge-invariance, we define the 
smallest holonomy along closed triangle path of 2-simplex: 

Xh{v,U) = iv[v^^{x)U^{x)v^p{x + a^)Up{x + a^)vpy{x + au)Ui,{x + a^)], (19) 

whose orientation is anti-clock-like, and ^^(e, U) is clock-like (see Fig. [1]). We have following two 
possibilities for the vertex- field Vu^{x). The first Vp_u{x) = e^^(x)75: 

Ap{e,U) = -L^{X/,(z;,C/)+h.c.}, (20) 

" h 

e^^(x) = (e"Ae^)a„fe, (21) 

where Ylh the sum over all 2-simplices h{x). In the limit: aguo^ <C 1, Eq. (120p becomes 

Ap{e,Up) = ^Y.^l^'^ycdabe' ^e'' + 0{a^). (22) 

° h 

We define a 4-d volume element V{x) = '}2h{x) ^hi^) around the vertex x. The interior of 4-simplex 
is approximately flat, leading to 

^y(x) ^ / d%x) = I d^xdet[e(x)], (23) 

X 

and Eq. (j22p approaches to Sp{e^Lv) ([5]) with an effective Newton constant G^s = gG/A. The 
second Vfj,u{x) = e^i.(x): 

^Hie.Up) = -^Y.\^h{v,U)+h.c], (24) 
8c/ 7 V 
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where the real parameter 7 = ij. Analogously, in the limit: agtOi^i ^ 1, Eq. (j24p approaches to 
SH{e,io) m, 

Anie, Uf,) = [ d^xdet[eix)]ea A Cf, A R"'' + O(a^). (25) 

Under the gauge transformation ([1]), 

v^,{x) ^ V{x)v^,{x)V\x). (26) 

The diffeomorphism and local gauge-invariant regularized EC action is then given by 

Aec = Ap + Ah. (27) 

Considering the following diffeomorphism and local gauge-invariant holonomies along a large 
loop C on the Euclidean manifold M 

Xciv,u;) = VcTrexpl^ig (j^^v^^ix)Lo''{x)dx''Y (28) 

where Vc is the path-ordering and "Tr" denotes the trace over spinor space, we attempt to regular- 
ize these holonomies on the 4-simplices complex. Suppose that an orientating closed path C passes 
space-time points xi,X2,X3, ■ ■ -jX^ = xi and edges connecting between neighboring points in the 
4-simplices complex. At each point Xi two tetrad fields efj_{xi) and e^i{xi) 7^ /i') respectively 
orientating path incoming to (i — 1 — > i) and outgoing from {i ^ i + \) the point Xj, we have the 
vertex-field w^^'(xj) defined by Eqs. (j21l24p . Link fields U^{xi) are defined on edges lying in the 
loop C, recalling the relationship U^{x,i) = C/_^(xi+i) = [/^(xj+i), we can write the regularization 
of the holonomies ()28p as follows, 

Xc{v,U) = VcT^r v^^>{xi)U^'{xi)Vf,>i,{x2)Uu{x2) 

••■ Vppi{Xi)Up>{Xi)Vp'^{Xi+i) 

■■■ vx^,{xN-l)Ul{xN-l)\, (29) 



preserving diffeomorphism and local gauge-invariances. Eq. (j29p is consistent with Eq. (llOp . 
Euclidean partition function. The partition function Zec ^-nd effective action A'^^q are 

Zec = exp -Afc = J VeVUexp -Aec, (30) 

with the diffeomorphism and local gauge-invariant measure 

JveVU=l[Jdepix)dUpix) (31) 
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where Ilx./i indicates the product of overah edges, dU^{x) is the Haar measure of compact gauge 
group 5'0(4) or SU (2), and de^j,{x) is the measure of Dirac-matrix valued field e^(x) = Yl,a ^1i{^)la, 
determined by the functional measure de'^{x) of the bosonic field e'^{x). It should be mentioned 



that the measure (|3ip is just a lattice form of the standard DeWitt functional measure [13] over 
the continuum degrees, with the integral of the spin-connection field uj^{x) replaced by the Haar 
integral over the C/^(x)'s, analytical integration or numerical simulations runs overall configuration 
space of continuum degrees and no gauge fixing is needed. In this path-integral quantization 
formalism, values of the partition function (|30p presents all dynamical configurations of 4-simplices 
complex, described by field configurations e^{x) and Uij,{x) in the weight exp— ^£;c. The vacuum 
expectational values (v.e.v.) of diffeomorphism and local gauge-invariant quantities, for instance 
holonomies (|29p . are given by 



(Xc(e, U)) = ^j VeVu[Xc{e, U)] exp -Aec ■ (32) 

In the action (j20l24p . Xh{v,U) (fT9]) contains the quadric term of e^(x)-field associated to each 
edge {x,iJ,), the partition function Zec (|30|) and v.e.v. ([32]) are converge. 

Analogously to Eq. ([7]), the local gauge-invariance of the partition function (f30l) {5Zec = 0) 
leads to 

(^^,.,,^,.MJ£,,.,.„, ,33) 
which becomes "averaged" Einstein equation {5Aec / ^^ii) + h.c. = 0, and 

Eq. (j34p is "averaged" torsion- free Cartan equation (l8|), which actually shows the impossibility of 
spontaneous breaking of local gauge symmetry. This should not be surprised, since the torsion-free 
([8]) is a necessary condition to have a local Lorentz frame, therefore a local gauge-invariance. 

The local gauge-invariance of (j32p {S{X) = 0) leads to dynamical equations for holonomies ()29p . 
which can be formally written as 

(^5e, + X^5e, + X + XUJ-^ + h.c.) = 0, (35) 

06^ 06^ OUfi 

leading to {5X/5e^ + X5AEc/^&^l) + h.c. = 0, and 

Eq. (j36p has the same form as the Schwinger-Dyson equation for Wilson loops in lattice gauge 
theories. 
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The regularized EC theory (j27p can be separated into left- and right-handed parts by replacing 
U^{x) = Uj^{x) ® Ul^{x), where U^'^{x) E SUl^r{2). In addition, we can generalize the link field 
U^{x) to be all irreducible representations U^{x) of the gauge group SO (A). The regularized EC 
action ([27|) should be a sum over all representations j = Jl^r = 1/2,3/2, • • •, 

■^EC = E [^p(eM> f^/i) + up] , (37) 

j 

and the measure (j31|) should include all representations of gauge group. 

Some calculations in 2- dimensional case. We consider a 2-simplices complex, i.e., random sim- 
plicial surface, whose elementary building block is a triangle h{x) (see Fig. [T|). In this case, local 
gauge transformations (|13|26p can be made so that all fields f^p(x + ap)Up{x + ay)vpy{x + a^) = 1 
in Eq. p^ . as if we choose a particular gauge. The partition function ([30]) can be calculated by 



integrating over e^(x)- and C/p(x)-fields, using the Cayley-Hamilton formula for a determinant 
and the properties of invariant Haar measure: / dU^{x) = 1, / dU^{x)U^{x) = and 



dUl{x)U;\x)Ul'\x') = ^6p,5-'^5"'5{x - x'), (38) 

where dj = nj^nj^ ( nj^j^ = 2ji^/j + 1), the dimension of irreducible representations j = {jL,jR) 
of SUl{2) (g) SUr{2). We obtain the entropy 5 = In Zec 

^ L 2djC/^ 2djg^ji ^ d^g^-ja^ 

where is the sum over all 2-simplices, degrees of freedom of gauge group representations and 
Dirac spinors. The 2-dimensional surface 

Ssurf = E '5h(x) = N^Pa, Pa = 4rll ^h(x) (40) 
h ^ 

where A^h is the total number of 2-simplices and Pa averaged area of 2-simplices. The free en- 
ergy JF = —^In Zec, where the inverse "temperature" /? = 1/g^, see Eqs. (I20|24p . Selecting 
fundamental representation dj = 4, we obtain <S = 5'surf/(5'^7a^) and T = —Ssmi/ijo?) ■ 
In the same way, we calculate the average of regularized EC action Aec (!37|) . 

{^Ec[e,,Ul,]) - ^ (^)' (l + ^) A^h, (41) 

in the strong coupling (field) limit g ^ 1 or gaujp_ ~ which implies that field's wavelength 

is comparable to the Planck length a. The average (I4ip of regularized EC action has discrete values 
corresponding to the fundamental state dj = 4 and excitation states dj = 16. 
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Using the convexity inequality (e -^bc) > e ^-^bc), we have 

{A'ecK.UI]) < lnZ^^(2/52) -lnZ^^(l/52). (42) 
Using Eqs. (I39|40p . we obtain 



and averaged area of a 2-simplex 



vr 4 \ Stt 



implying that the Planck length is minimal separation between two space-time points [15|. 

Some remarks. Although the regularized EC action (j27p approaches to the EC action ^ in the 
naive continuous limif aguj^ <^ 1, the regularized EC theory is physically sensible, provided it has 
a non-trivial continuum limit. It is crucial, on the basis of non-perturbative methods and renormal- 
ization group invariance, to find: (1) the scaling invariant regimes (ultraviolet fix points) Qc, where 
phase transition takes place and physical correlation length ^ is much larger than the Planck length 
a; (2) /3-function P{g) and renormalization-group invariant equation ^ = const, a exp dg' / (3{g'); 
(3) all relevant and renormalizable operators (one-particle irreducible (IPI) functions) with effec- 
tive dimension-4 in these regimes to obtain effective low-energy theories. One may add by hand 
the cosmological A-term ■^e^'^'^'^ J^x^A^i^^i^^p^er] + h.c, where A = Aa^, into the regularized EC 
action (j27p . However, IPI functions A'^^q (|30p effectively contain this dimensional operator, which 
is related to the truncated Green function (AeC'^ec)- It is then a question what is the scaling 
property of this operator in terms of where inverse correlation length gives the mass scale 
of low-energy excitations of the theory. 

One can consider the following regularized fermion action, 

Xfl 

-i>{x + a^)Ul{x)e^{x)^{x)\, (45) 



where fermion fields ip{x) and ip{x + a^) are defined at two neighboring points (vertexes) of 4- 
simplices complex, fields U^{x) and e^(x) are added to preserve local gauge and diffeomorphism 
invariances, and J2xii is the sum over all edges (1-simplices) of 4-simplices complex. This bilinear 
fermion action ()45p introduces a non- vanishing torsion field [l6,[l3]. We need to study whether the 



regularized EC action (j27p with fermion action (j45l) can be effectively written in form of a torsion- 
free part and four fermion interactions, as the EC theory in continuum. In addition, the bilinear 
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fermion action (j45p has the problem of either fermion doubUng or chiral (parity) gauge symmetry 
breaking, due to the No-Go theorem UM. Resultant four fermion interactions can possibly be 
resolution to this problem [19|, 120]. Acknowledgment: Author thanks to anonymous referee for 
his/her comments, to H. Kleinert and J. Maldacena for discussions on invariant holonomies in gauge 
theories. Author is grateful to H. W. Hamber and R. M. Williams for discussions on renormalization 
group invariance and the properties of Dirac-matrix valued tetrad fields. 



[1] T. Regge, Nuovo Cimento 19 (1961) 558; 

J. A. Wheeler, "Geometrodynamics and the Issue of the Final State" , in Relativity, groups and Topology, 
B. DeWitt and C. DeWitt (eds.) (Gordon and Breach, New York, 1964) 463. 

[2] H. W. Hamber, in Critical Phenomena, Random Systems and Gauge Theories, 1984 Les Houches 
Lectures Summer School, Session XLIII (North Holland, Amsterdam, 1984), and "Quantum Gravitation 
- The Feynman Path Integral Approach", ISBN 978-3-540-85292-6 (Springer Publishing, 2008). 

[3] C. W. Misner, K. S. Thorne and J. A. Wheeler, Gravitation, W. H. Freeman and Company, New York 
(1973), chapter 42; 

J. B. Hartle, J. Math. Phys. 26 (1982) 804; 

I. T. Drummond, Nucl. Phys. B273 (1986) 125; 

M. Caselle, A. D'Adda and L. Magnea, Phys. Lett. B232 (1989) 457. 
[4] F. David, "Simplicial quantum gravity and random lattices", in B. Julia, and , J. Zinn- Justin, eds.. 
Gravitation and Quantizations, Proceedings of the Les Houches Summer School, Session LVII, 5 July 



C 1 August 1992, pp. 679C750 (Elsevier, Amsterdam, New York, 1995). |hep-th/9303T2^ . 

Renate Loll, "Discrete Approaches to Quantum Gravity in Four Dimensions" 



http://www.livingreviews.org/lrr-1998-13 Max-Planck-Gesellschaft. ISSN 1433-835 



[5] L. Smolin, Nucl. Phys. B, 148, 333-372, (1979); 

A. Das, M. Kaku, and R.K. Townsend, Phys. Lett. B, 81, (1979) 11-14; 

C. L. T. Mannion and J. G. Taylor, Phys. Lett. BlOO, (1981) 261; 

K. I. Kondo, Prog, of Theor. Physics, Vol 72, (1984) 841; 

P. Menotti and A. Pelissetto, Phys. Rev. D35 (1987) 1194; 

S. Caracciolo and A. Pelissetto, Nucl. Phys. B229 (1988) 693. 
[6] Gerard 't Hooft, Found. Phys. 38, (2008) 733-757. 

[7] A. Ashtekar, Phys. Rev. Lett. 57, (1986) 2244; Phys. Rev. D 36, (1987) 1587; 

A. Ashtekar, J. D. Romano and R. S. Tate, Phys. Rev. D40, (1989) 2572; 

T. Jacobson, Class. Quant. Crav. 5, L143 (1988). 
[8] J. Fernando Barbero G., Phys. Rev. D 51, (1995) 5498, ihid D 51, (1995) 5507. 
[9] G. Immirzi, Class. Quant. Crav. 14,(1997) 177. 



11 



[10] C. Rovelli and T. Thiemann, Phys. Rev. D 57, (1998) 1009; 

C. Rovelli, "Quantum Gravity" Cambridge University Press, (2004); 

A. Ashtekar and J. Lewandowski, Class. Quant. Grav. 21 (2004) R53. 
[11] We are not clear now how to relate configurations of fields ep(x) and uj^{x) to topological constrained 

configurations of 4-simplices complex in dynamical triangulations. 
[12] H. C. Ohanian and R. Ruffini, "Gravitation and Spacetime", ISBN 0-393-9651-5 W.W. Norton & 

Company (2nd edition, 1994), p311. 
[13] B. S. DeWitt, Phys. Rev. 162, (1967) 1195; see also Sees. 2.4 and 6.9. 

[14] C. Itzykson and J-B. Zuber, "Quantum Field Theory", McGraw-Hill Inc., ISBN 0-07-032071-3, 1980, 
pl87 and eq. (4-86). 

[15] We recall the "Planck lattice", G. Preparata and S.-S. Xue, Phys. Lett. B264, (1991) 35; and Ref. 0, 

a discretized space-time with minimal spacing of the Planck length due to quantum gravity. 
[16] H. Kleinert, "Multivalued Fields", World Scientific (2008), ISBN 978-981-279-171-92. 
[17] I. L. Shapiro, Phys. Rept. 357 (2002) 113. 

[18] H.B. Niclson and M. Ninomiya, Nucl. Phys. B185 (1981) 20; ibid B193 (1981) 173. 
[19] E. Eichten and J. PreskiU, Nucl. Phys. B268 (1986) 179; 

M. Creutz, M. Tytgat, C. Rebbi and S.-S. Xue, Phys. Lett. B 402 (1997) 341-345. 
[20] S.-S. Xue, Nucl. Phys. B486 (1997) 282, ibid B580 (2000) 365; Phys. Lett. B665 (2008) 54. 



